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Advancing and colliding flow fronts are important fluid mechanical 
problems in injection mold filling. These are small-scale, transient free- 
surface flows with a significant impact on the molecular orientation of 
molded parts. This paper describes a numerical technique for the simu- 
lation of transient free-surface flows. The algorithm combines a Galer- 
kin /finite-element discretization of the governing equations with a 
predictor-corrector scheme for integration in time, and determines 
simultaneously the flow field and the free surface at every time step. 
The method is applied to the start-up of a fluid flow initially at rest and 
impingement of two flow fronts to form a weldline. Comparison of simula- 
tion with available experiments on the start-up problem shows very 
good agreement. Numerical tracking of fluid elements clarifies various 
aspects of Row-induced deformation of the material. 
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introduction 

Mold filling operations in polymer processing involve a tran- 
sient free-surface flow in complex geometries. A key fluid 
mechanical feature is  the flow rearrangement behind the ad- 
vancing front, described by Rose (1961) as “fountain flow“: the 
streamlines of a fluid advancing in a tube (or between parallel 
plates) appear like a fountain when viewed from a frame of ref- 
erence moving with ihe flow front. The transition region extends 
a distance of the order of the gapwidth behind the front and has 
little effect on global quantities such as the pressure drop or the 
filling time. However, it has a marked impact on a nricroscopic 
scale; flow-induced deformation in the complex shear and elon- 
gational region behirid the front and the rolling-type motion 
caused by fountain flow affect the orientation of polymer chains 
and filiers near the molded article surface. 

The implications of fountain flow i n  injection molding have 
been known at  least since the experimental investigations of 
Balimari and Toor (1960) on birefringence of molded parts. The 
visualization experiments of Schmidt ( 1  974) with color tracers 
provided detailed information about the kinematics of the flow. 
Tadmor (1974) did a semiquantitative study of the effect of the 
flow front on molecular orientation by modeling the front region 
as a planar stagnation flow. Tadmor’s model was adopted by 
White and Dieti! ( 1  979) for the prediction of birefringence dis- 
tributions. 

’Theoretical attempts to investigate the fluid mechanics of 
fountain flow have considered steady, isothermal flow in 

straight-walled channels. Under these assumptions, the problem 
can be solved in the steady state. A summary of previous work 
and detailed finite-clement calculations with Newtonian and 
shear-thinning fluids in planar and axisymmetric geometries 
have been given by the present authors in a recent paper (Mav- 
ridis et al., 1986a). The effect of fountain flow on the deforma- 
tion of fluid elements was investigated by tracking material ele- 
ments, simulating the formation of V shapes photographed by 
Schmidt 41974) (Mavridis et al., 1986b). Similar results were 
obtained by Coyle et al. (1987) and Chu et ai. (1987). 

Behrens (1983) and Behreiis et al. (1987) examined the tran- 
sient fountain flow in a tube using the finite-element method. 
The calculated evolution of the front tip-contact line distance 
showed good agreement with experimental measurements. 

There appears to be no theoretical fluid mechanical study of 
the even more interesting and intricate case of two colliding flow 
fronts to form a weldline. This situation arises frequently in 
commercial molds due to injection through multiple gates or 
recombination of two flow fronts divided after passage around 
an insert. During the impingement phase, polymer molecules 
are stretched and oriented parallel to the polymer-polymer 
interface. Depending on the local t herrnal conditions, this orien- 
tation may be “frozen-in,” resulting in incomplete bonding and 
reduction in the strength of the weldline; Sang-Gook and Suh 
(1  986) olkr a recent review and analysis of the problem. 

The present paper is a simulation approach to the solution of 
transient free-surface problems in mold filling. The numerical 
technique combines a Galerkin/finite-element discretization of 
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the governing equations with a predictor-corrector scheme for 
the integration in time. Efficient strategies for free surface 
parameterization are applied that can handle large distortions of 
the flow domain. The computational algorithm is fast and eco- 
nomical and determines simultaneously the free surface position 
and the flow field a t  every time step. 

The method is applied to the transient fountain flow problem 
(start-up flow of a fluid initially a t  rest) and the collision of the 
two advancing flow fronts in a planar geometry (weldline forma- 
tion in the gapwise direction). Numerical tracking of material 
elements highlights various aspects of the flow-induced defor- 
mation experienced by the fluid. Quantitative comparison of the 
computational results shows very good agreement with the 
experiments of Behrens et al. (1983, 1987) for transient foun- 
tain flow in a tube. 

Governing Equations and Boundary Conditions 

conservation equations in dimensionless form are: 
For an incompressible viscous fluid, the mass and momentum 

v . v = o  (1) 

Re - - + - v v V v  = = V - o + S - ’ g  (: j 
Variables are made dimensionless with a characteristic velocity 
U ,  length L, and viscosity f i .  The total stress tensor, u = -PI  + 
T ,  is scaled with pU/L. The Reynolds number is Re pUL/p 
and the Stokes number S = pU/pgL2,  where p is the density and 
g the gravitational acceleration. Under typical mold filling con- 
ditions Re and s-’ are both very small (i.e., negligible convec- 
tive and gravitational effects). 

Appropriate boundary conditions require the specification of 
two scalar boundary conditions on every portion of the flow 
boundary. A velocity field satisfying Eq. 1 and the initial shape 
of the free surface must be specified as initial conditions for 
transient flows. 

In fully developed flow regions, symmetry lines, and a t  the 
wall, the boundary conditions are: fully developed velocity pro- 
file, symmetry conditions, and no slip, respectively. At the free 
surface a local force balance provides the following boundary 
conditions: 

2 H  
n I (r = - n - Pa n 

Ca 

where n is the outward unit vector normal to the surface, 2H is 
the mean surface curvature, and Pa the ambient pressure 
(usually set to zero as the pressure datum). Ca is the capillary 
number defined as the ratio of viscous to surface tension forces, 
Cu = p U / r .  In injection molding of molten polymers, the capil- 
lary number is large and Eq. 3a reduces to the no-traction condi- 
tion: 

Another boundary condition arises a t  the free surface from 
mass conservation considerations: a free surface is a material 
surface and no fluid particle crosses it. For a point n a t  the free 

surface this condition is expressed as 

(4) 

The contact line, where the free surface intersects a solid wall, 
poses a special problem and is discussed below. 

Contact line motion 
Complications arise a t  the contact line: when the no-slip 

boundary condition is applied at  the wall up to the contact line, a 
stress singularity results (stresses increase without bound as the 
contact line is approached). Singular stresses, although aphysi- 
cal, can be tolerated as long as  they are integrable, i.e., the total 
force exerted on the fluid remains finite. When the contact line 
does not move (static contact line) the singularity is integrable 
(Michael, 1958). For a moving contact line, the singularity is 
nonintegrable when the contact angle is less than 180° (Huh and 
Scriven, 1971; Dussan, 1979). Pismen and Nir (1982), who 
obtained a perturbation solution in the vicinity of the contact 
line for the case of a liquid advancing into an inviscid medium, 
reported an integrable singularity for a 1 80’ contact angle. In 
this work, only viscous effects arc  taken into account and the 
contact angle at a moving contact line is required to be 180’; 
therefore, the singularity is integrable and there is no need to 
remedy the situation, for example with a slip boundary condi- 
tion. 

There remains a difficulty in treating the apparent motion of 
the contact line, especially for transient flows. Consider the 
start-up flow problem, where the initial free surface is perpen- 
dicular to the wall, ABCD a t  time to in Figure 1 .  As the flow 
begins the free surface deforms and the contact angle increases 
(time t , ) .  In the numerical algorithm the position of the contact 
line is fixed up to the time that the contact angle becomes 1 8 0 O .  
At this time the condition of a fixed contact liGe position is 
replaced by a 180’ contact angle condition, and the contact line 
is allowed to move. The mechanism implied by these conditions 
is that of a rolling motion of the fluid over the solid surface. It 
should be noted that the motion of the contact line is apparent, 
i.e., there is no slip. A different material particle occupies the 
contact line position a t  every instant, and the contact line 
appears to move as new material reaches the wall from the free 
surface, as indicated in Figure 1. 

The above requirements for the contact Line motion provide 
the necessary condition for the determination of the contact line 
position. Other workers (Behrens, 1983, and Rehrens et al., 

Contact Line 

t 0  tl t2  t3 

Figure 1. Contact line motion over a solid surface. 

404 March 1988 Val. 34, No. 3 AICLE Journal 



1987 for transient flows; Viriyayuthakorn and Deboo, 1983, for 
steady flows) do not impose explicitly a condition at  the contact 
line but determine its position implicitly; the kinematic condi- 
tion, Eq. 4, is imposed a t  the free surface and the contact line is 
detcrmined at  the intersection of the extrapolated free surface 
with the wall. This implicit scheme is equivalent to that used 
here, i.e., combination of the kinematic boundary condition with 
no slip a t  the contact line directly yields the present scheme, as 
will be shown below. 

Consider, for example, a fluid displacing a gas over a flat solid 
surface, parallel to the x direction, as shown in Figure 2. If we 
parametrize the free surface as y = h(x) ,  the outward unit vec- 
tor normal to the surface is: 

n = [I + G)']'"[ - i  (g) + j ]  

and the kinematic conditions, Eq. 4, can be written as: 

-E$ + v =  -G)a, ah a x  + - ah 
at 

At the contact line u = v = 0 (no slip) and ah/& = 0 (straight 
wall). Then Eq. 6a becomes: 

From Eq. 6b we notice that: 
1. When the contact angle is less than 180" (ah,/dx # 0) 

then the contact line docs not move (dx,/at = 0) 
2. For the contact line to move (~3x,/dt # 0) the contact 

angle must be 180" (dh,/ax = 0) 
The above conditions result from purely kinematic consider- 

ations at  the contact line, combined with the no-slip hypothesis. 
They are appropriate when surface tension effects are insignifi- 
cant, which is the case for the problems examined in this paper. 

Numerical Simulation 
For transient free-surface flows the position and shape of the 

flow front is not only unknown in space but also evolves in time. 
Accuracy in the determination of the free-surface shape is cru- 
cial for the success of the simulation, especially in the limit of 
creeping flow where the time dependence is implicit and enters 
only through the kinematic condition, Eq. 4, a t  the free surface. 
The flow domain not only deforms in shape but also its size 
expands with time, since there is no outflow region. 

GAS 

X 

FREE SURFACE 

Figure 2. A solid-fluid-gas contact line. 

The method employed here is a version of the u-v-p-h formu- 
lation of the Navier-Stokes system introduced by Saito and 
Scriven (1 98 l ) ,  generalized by Kistler and Scriven (1983), and 
extended to transient flows by Kheshgi and Scriven (1984). A 
similar method has also been applied by Keunings (1986) in the 
context of viscoelastic flows. The basics of the formulation and 
an efficient strategy for free-surface parameterization, espe- 
cially useful in transient flows, are described below. 

Free-surface parametrization 
The free surface is represented by piecewise quadratic line 

segments, each of which forms one side of an isoparametric 9- 
node quadrilateral element. A free-surface segment is defined 
uniquely by the coordinates of three nodal points, two end points 
and the midside point. Every free-surface node xk moves along a 
predefined spine, a straight line that is characterized by a base 
point xz and a unit vector d = i cos 6' + j sin 8, where cos 6', sin 6' 
are the direction cosines of 8. The position of xk is determined as 
the distance along the spine, i.e., 

. .  
xk = x: + h' e' (7) 

If xi-' ,  xb, x P 1  are the three nodes that define a free-surface 
segment, the free surface is represented as: 

i+ 1 

x=&' , (P' (E,q= 1) (8) 
i -  1 

where ( P j ( { ,  7) are biquadratic basis functions that map isopara- 
metrically the nine-node element onto the standard t-7 square, 
and q = 1 is the side corresponding to the free-surface segment. 

In general, there are two position parameters corresponding 
to every free-surface node x):hi that is associated with distance, 
and s' that is associated with orientation. The 6' parameters cor- 
responding to free-surface end points are fixed, while those cor- 
responding to midside nodes enter the set of unknowns. The lat- 
ter 6' are determined on the requirement that the midside node 
be located a t  the midpoint of the free-surface arc. The mathe- 
matical expression of this requirement is as follows. Assume 
that the free-surface segment is mapped on the - 1 5 [ 5 1, q = 

1 side of the standard E-q square. The corner and midside nodes 
are  a t  6 = - 1, 1 and 0, respectively. The diKerentia1 arc  length 
ds is: 

and the condition that the midside node is a t  the midpoint of the 
arc is: 

J ds = f - I  ds 
€ - - I  E-0 

The changing midside spine direction is especially necessary 
in transient flows where the free surface changes drastically. In 
these cases constant-directed spines may result in badly dis- 
torted or even singular elements. It must be noted that moving 
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the midside node away from the midpoint and toward the corner 
of the element is standard practice in structural mechanics for 
modeling singular stress behavior a t  the corner node (Banthia, 
1985). 

The usefulness of having a variable midside spine direction is 
shown in Figure 3, which is a plot of the evolution of the free- 
surface segment near the wall, for the transient fountain flow 
problem. The corner node moves along the constant-direction 
spine (straight trajectory) while the midside spine direction 
changes (curved trajectory) so that the midside node remains 
always a t  the midpoint and the element is well shaped. 

For a free surface represented by NF segments (element 
sides) there are 2NF + 1 h' variables (as many free surface 
nodes) and NF 6' variables. Interior nodes are located as explicit 
functions of free-surface node position so that the finite-element 
grid deforms in proportion to the free-surface motion. More 
details and illustrative examples are given elsewhere (Kistler, 
1984; Kistler and Scriven, 1983). 

Galerkinl Finite-element formulation 

fietd is: 
The finite-element approximation of the velocity and pressure 

where v', P' are nodal variables, and +i(& 9) and a'(& 9) are the 
corresponding basis functions. Elements used in this work are 
the nine-node quadrilateral and six-node triangular isoparamet- 
ric element with Co-Pz approximation for the velocity and CO-P' 
for the pressure. 

The Galerkin principle is invoked to discretize the governing 
equation in space. The vector of unknowns is: 

and the corresponding residuals 

Midside Node 

t = O  1. 
Figure 3. 

Corner Node 
Trajectory 

Evolution of corner free-surface segment (tran- 
sient fountain flow). 

where R, is the momemtum residuals, R, the continuity residu- 
als, Rk the kinematic residuals a t  the free surface, and R, the 
residuals in Eq. 10. Specifically: 

- n . a~$'ds (14) 

The material derivative in Eq. 14 is written ;is 

DV av - = -- + (. -- $) . vv 
Dt dt 

to account for the nodal motion ( a x / & )  in the deforming finite- 
element grid (Lynch, 1982; Khesghi and Scriven, 1984; Keun- 
ings, 1986). 

The conditions for the contact line motion are implemented as  
follows. The contact angle 8 is computed from 

where n, is the unit vector normal to the wall ( n ,  = - j  in the 
present case) and ncL is the unit vector normal to the free surface 
a t  the corner of the element adjacent to the contact line: 

When 8 < 180° the h' variable corresponding to the contact line 
position is fixed with an essential boundary condition. When B 
becomes 180" the contact line is allowed to move and the corre- 
sponding h' is determined on the requirement of a 180" contact 
angle condition, which is imposed by adding the equation 

(21) ncl - n, = cos (1 80") 

in the algebraic system to be solved 

Time integration and solution of the algebraic system 
The time derivatives in the momentum and kinematic residu- 

als, Eqs. 14 and 16, are approximated with finite differences. An 
Adams-Basforth predictor-trapezoid ruIe corrector is em- 
ployed for the integration in time. The predictor-corrector 
scheme adjusts automatically the time step size so as to keep the 
time discretization error below a predefined tolerance. More 
details can be found in Gresho et al. (1979) and Khesghi and 
Scriven (1 984). 

At every time step the algorithm involves the solution of a 
nonlinear system of algebraic equations for the corrector step, 
with the initial guess provided by the predictor. This system is 
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solved with Newton-Raphson iteration, i.e., 

where J = dR/dX,  the Jacobian of the global system. 
Typically the Newton-Raphson iteration approached qua- 

dratic convergence, as shown in Figure 4. This figure shows that 
after one iteration the Euclidean norm of residuals has been 
reduced below Gresho et al. (1979) and Khesghi and 
Scriven (1984) have taken advantage of this behavior of New- 
ton-Raphson and allowed only one iteration per step. In this 
work two to three iterations were required to reduce the maxi- 
mum relative update below 1 O--4. This conservative convergence 
criterion was imposed in order to ensure a high accuracy in the 
determination of the free-surface shape, which is of main inter- 
est for the problems studied. 

Transient Fountain Flow 
We study the start-up flow of a fluid with a free front initially 

a t  rest, in both planar and axisymmetric geometries. A diagram 
of the problem is given in Figure 5.  Gravity and surface tension 
effects are neglected, so that the fluid-gas interface is initially 
flat and perpendicular to the walls (90° contact angle). These 
conditions correspond to the experiments of Behrens (1983). 

For a typical simulation the finite-element grid consists of 45 
elements and 199 nodes. The total number of unknowns (u, u, p ,  
h,  6) is 412 and each time step requires 30 CPU seconds on a 
VAX 8600 computer. 

Figure 6 shows the evolution of the contact angle and the 
front tip and contact line positions for transient flow in a tube. 
Up to the time that the contact angle becomes 180° the contact 
line does not move (its position is specified as an essential 
boundary condition). This time is predicted to be 0.2272 and the 
front tip position ZFT = 0.3736 (time and position = 0.26 and 
0.3508, respectively, for the planar case). Behrens et al. (1987) 
report an experimental Z,, = 0.4 when the contact line begins to 
move. This is 7% higher than the present result, but this diffefl 
ence is not significant in view of the very slow initial motion of 
the contact line ( Z ,  is predicted to be 8.5*10-3 when Z,T 

I I 1 1 
0 1 2 3 4 1 0-9 ' 

ITERATION NUMBER 

Figure 4. Behavior of Newton-Raphson iteration. 

t=O 

QUIESCENT 

FLUID GAS 

+ t=O 

Figure 5. Transient fountain flow problem. 

becomes 0.4). When the contact angle becomes 180°, the con- 
tact line is allowed to move and the boundary condition at the 
contact line is changed to that of a 1 80° contact angle. Therefore 
the contact angle remains at 180° for all subsequent times. The 
contact line starts moving slowly and its velocity approaches 
asymptotically the average velocity of the fluid. 

Similar results were found for flow in a planar geometry. Fig- 
ure 7 shows the evolution of the free-surface shape. A steady 
state is reached in approximately three time units. After this 
time the flow field remains invariant with respect to a frame of 
reference moving with the average velocity of the fluid and the 
problem can be analyzed in the steady state (Mavridis et al. 
1986a). 

Behrens (1 983) performed experiments with Newtonian 
fluids in tubes. Data were reported in the form of the 

1 5  , 1 

Time 

Figure6. Evolution of contact angle and front tip and 
contact line positions (axisymmetric). 
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L 

Flow Direction 

Figure 7. Evolution of flow front shape (planar). 

(ZFT - Z,) difference vs. front travel (ZFT) .  Comparison of the 
present simulations with Behrens’ experimental data is given in 
Figure 8. The data symbols correspond to different experiments 
with polybutene, and the scatter does not correlate with process 
variables but merely reflects experimental error. The agreement 
of simulation with experiment is remarkably good. Behrens 
(1983) and Behrens et al. (1987) also presented simulations 
with a finite-element method where the free surface and the 
flow field were decoupled. Good agreement with the experi- 
ments was found. The predicted motion of the contact line 
showed slight osciilations that do not appear with the present 
algorithm. The major advantage of the present approach is the 
free-surface parameterization strategy and the coupled tech- 
nique for determining simultaneously the free surface and the 
flow field. Coupling allows the use of the Newton-Raphson iter- 
ative scheme for the solution of the global nonlinear system of 
algebraic equations. The quadratic convergence of Newton- 
Raphson reduces considerably the computational cost. 

The evolution of the finite-element grid. lor the axisymmetric 
case, is shown in the upper part of the plots in Figure 9. This 
figure illustrates how the grid deforms and expands, adjusting 
automatically to the changing free-surface shape. As was men- 
tioned earlier, the area of the Row domain increases since there 
is no outflow region. This increase was accommodated by 
expanding the size of the upstream elements only. The grid den- 
sity in the front region, where the Bow rearrangement occurs, 
remained nearly independent of time, thus avoiding a degrada- 
tion of accuracy a t  large times. 

The mechanism of flow front advancement can be understood 
better by tracking material elements, i.e., in the I ~ g r s n g i a n  
frame. We begin with rectangular material elements a t  zero 
time, as shown in Figure 9. The deformation history can be fol- 

1 .o 

NU 
I 0.5 
t. 

N 

v 

0.0 

- 
i ___ : Simulation (Itresent work) 

Symbols : Experiment (Behrens,l!XJJ) 1 
I 

-~ --L ~l-- i i 

0.0 1 .a 2.0 3.0 4.0 

Front Travel 

Figure 8. (ZFT - ZcL) w. front tip position SF, for transient 
axisymmetric fountain Flow. 

t=0.23 

t=0.77 

t=1.37 

Figure 9. Evolution of finite-element grid and fluid ele- 
ment shapes (axisymmetric). 

lowed by tracking numerically a large number of material points 
along the perimeter of the fluid element as described by Mav- 
ridis et al. (1986b). Consider first the fluid element adjacent to 
the flow front. The evolution of its shape, shown in the lower 
part of the plots in Figure 9, illustrates clearly the rolling motion 
of the fluid over the solid surface, and how material from the 
Row front is deposited on the wall, giving rise to the apparent 
motion of the contact line. The evolution of the shape of the sec- 
ond element is characteristic of the deformation experienced by 
the fluid due to fountain flow. The faster moving material near 
the centerline enters the flow front region where it decelerates, 
spilling outward toward the walls. The fluid element is stretched 
and deformed into a mushroomlike shape ( t  = 2.27), forming 
characteristic V shapes near the wall ( t  = 4.15). The formation 
of the V shapes was observed in the color tracer studies of 
Schmidt ( I  974) and predicted numerically for the first time by 
Mavridis et al (1984b). Similar results were found by Coyle et 
al. (1987) and Chu et al. (1987) with steady state analyses. 
Recently, Beris (1987) showed that the prediction of V-shape 
formatron is independent of the constitutive equation and/or the 
isotherniality condition used in the simulations. The nature of 
the fluid and solidification at  the wall determine the actual time 
and length scales involved in the formation of the V shapes but 
do noL change the overall picture qualitatively. 

Colliding Flow Fronts 
We consider the symmetrical impingement of two flow fronts 

in a parallel-plate geometry, as shown in Figure 10. Creeping 
Newtonian flow and constant flow rate conditions are assumed 
in the simulations. The problem is solved in a quarter of the flow 
domain, taking into account symmetry conditions. 
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t<Q 

n i A m Y L - P  

Figure 10. Colliding flow fronts. 

At t = 0 the flow fronts meet a t  the centerline. The shape of 
the free surface, required as an initial condition, is taken from 
the steady state solution of the fountain flow problem. The prcs- 
ent transient algorithm is applied to obtain the solution in time. 
The time required to fill the vacant space can be estimated a 
priori by dividing the area of the vacant space by the constant 
flow rate. This time is calculated to be 0.212 in L/U units. At 
this time no more flow can occur (incompressible fluid) and the 
algebraic system of equations is singular. The numerical algo- 
rithm stopped at  t = 0.21, leaving a small vacant area at  the sur- 
face, Figure 11. This area is the last to be filled and in practice 
the air trapped in it may cause an optically visible defect in the 
shape of a notch a t  the stirfacc (Wagerman, 1973; Sang-Cook 
and Suh, 1986) 

-LA-- 

t=o.onu 

I= 0.054 

t=0.108 

t=0.168 

t=0.198 

t= 0.2 1 0 

Figure 11. Evolution of instantaneous streamlines and 
fluid element shapes. 

The evolution of the flow field is shown as a serics of instanta- 
neous streamlines in thc upper part of the plots in Figure 1 I .  At 
zero time the curvature of the streamlines reflects the outward 
motion of the fluid due to fountain flow. As the weldline forms 
a t  the centerline and develops towards the wall, the elongational 
component of the deformation increases and the streamlines 
bend parallel to the weld line. At the end the flow resembles pla- 
nar stagnation flow. In fact, the planar stagnation flow model of 
Tadmor (1974) has frequently been used to explain the flow- 
induced orientation parallel to the weldline. 

The impact of weldline formation on the deformation of the 
niaterial was investigated by t-racking numerically a gridded 
band of material behind the flow front. This material is already 
stretched due to fountain flow (observe for example the fluid 
element shapes near the flow front a t  time t = 4. IS in Figure 9) 
but we examine here the stretching induced during the impinge- 
ment phase. The evolution of the fluid element shapes is shown 
in the lowcr part of the plots in Figure 11. The material elements 
became stretched a.md oriented parallel to the weldline, and 
stretching is more pronounced near the centerline, while near 
the wall shearing orients the material parallel to the wall. This is 
better illustrated in Figure 12, which is a magnification of the 
band of material immediately adjacent to the flow front. This 
material has already experienced the fountain-flow-induced de- 
formation before the collision of the two fronts. Comparison of 
the fluid element shapes in Figure 12 and Figure 9 shows that 
the stretching due to fountain flow is much larger (see also Mav- 
ridis et al., 1986b). While some orientation of the material is 
introduced during the collision phase, it appears that fountain 
flow is mostly responsible for the anisotropy at weldlines of 
injection molded parts. 

It is particularly interesting to note the actual length and time 
scales involved in weidline formation. For a typical case, with an 
average velocity U = 0.1 m/s and half-gapwidth I ,  = m the 
weldline forms in 0.21 L / U  = 2.1 ms. Experiments are difficult 
to perform and their analysis is a laborious off-line procedure. 
Numerical simulations can be of invaluable assistance, provid- 
ing insight into the process, a t  time and length scales that are 
difficult to capture or reproduce experimentally. 

Concluding Remarks 
A comprehensive algorithm has been described for the nu- 

merical simulation o f  transient free surface flows encountered in 
injection mold filling. The technique determines simultaneously 
the flow field and the free surface shape and can handle deform- 
ing flow domains with contact lines. Computational results 
agree well with available experiments on transient fountain flow 

t=o  t=0.108 t=0.21 

Figure 12. Magnification of fluid element shapes near 
flow front. 
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in a tube. Numerical tracking of material elements illustrates 
the  rolling-type advancement of t he  fluid, V-shape formation, 
and stretching of the material parallel to the interface when two 
flow fronts collide to form a weldline. 
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Notation 
Ca = capillary number, p U / y  

e = unit vector 
g = gravitational acceleration 
g = unit body force vector 
h = free-surface position parameter 

2 H  = mean surface curvature 
i = unit vector in x direction 
Z = unit tensor 
j = unit vector in y direction 
J = Jacobidn matrix 
L = characteristic length scale 
n = outward unit normal vector 
P = pressure 

P, = ambient pressure 
R - residual 

Re = Reynolds number, p U L / p  
s = arc length 
S = Stokes number, pUfpgL2 
t = time 
U = characteristic velocity scale 
V = vector of nodal velocities 
u = velocity vector 
x = position vector 

x,  y = coordinate directions 
X = vector of unknowns 
2 = axial coordinate 

Greek letters 
y = surface tension 
6 = orientation angle for free-surface spines 

q,  = local coordinates 
6 = contact angle 
p = viscosity 
d = pressure basis function 
u = total stress tensor 
7 = deviatoric stress tensor 

@ i  = velocity basis function 

Superscript 
i = quantity associated with ith node 

Subscripts 
B = base point 
C = continuity 

CL = contact line 
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K = kinematic condition 
m = momentum 
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